We present scaling studies for heavy-quark observables calculated with an O(a 2 )-improved fermion action on tree-level Symanzik improved gauge configurations. Lattices of 1/a = 2.0-3.8 GeV with an equal physical volume 1.6 fm are used. The results are compared with the standard domain-wall and naive Wilson fermions.
Introduction
Precise determination of the Standard Model (SM) parameters such as the CKM matrix elements V ub ,V cb is a necessary step in the search for new physics through precision measurements. In many processes that are sensitive to new physics, charm and bottom quarks are included in the hadronic initial and/or final state. To estimate the hadronic contribution, lattice QCD plays a crucial role, but the heavy quark discretization effect can be overwhelming for m q a on currently available gauge configurations. While the effective field theory approach for heavy quarks on the lattice is applicable for the calculation of these quantities, a brute-force approach of taking a as small as possible with conventional quark actions is also powerful as there is no need of additional matching of parameters. This may be combined with the Symanzik improvement of the lattice fermion action to eliminate leading discretization effects. In this work we investigate some choices of the lattice fermion action to be used for heavy valence quarks, focusing on their discretization effect and continuum scaling. In particular, we are interested in an improved action based on the Brillouin fermion [1] . In this initial study, we mainly consider the charm quark mass region, and leave an extension towards heavier masses for future study. The quantities to be studied are the energymomentum dispersion relation and hyperfine splitting of the heavy-heavy mesons. For numerical tests, we have generated quenched gauge configurations that have a roughly matched physical volume (at about 1.6 fm) and cover a range of lattice spacings between 1/a = 2.0 and 3.8 GeV. Since these lattices do not contain sea quarks and have a small physical volume, we do not expect precise agreement with the corresponding experimental data for the charm quark, but rather we are interested in their scaling towards the continuum limit. Here we update the report [2] by adding a finer gauge configurations.
Formalism and simulation details
We focus on the discretization effects of the Brillouin fermion [1] and propose its improved version according to the Symanzik improvement program [2] . Here let us briefly describe the improved action. The improved Dirac-operator is given by
where the operators ∇ iso µ and △ bri are the isotropic derivative and the Brillouin laplacian operator, respectively. These operators can be defined as 
3) . c imp is a free parameter to be set.
In this study, we also use the stout link smearing with which one expects that the radiative corrections of O(α s a) and O(α s a 2 ) are not substantial. In this work, we examine the scaling property of some heavy-heavy meson observables, such as the speed-of-light and hyperfine splitting. For the gauge action we employ the tree-level improved Symanzik action. For the ease of comparison with the Wilson or the domain-wall operator, we set c imp = 1/8 as a first choice. We are planning to tune c imp beyond this tree-level value in order to realize more continuum-like Dirac spectrum. As listed in Table 1 , three quenched gauge ensembles with lattice spacing between 1/a = 2.0 and 3.8 GeV have been generated keeping the physical box size roughly fixed to L ≈ 1.6 fm. The lattice spacing is determined using the Wilson-flow scale w 0 [3] . For the detail of the gauge ensembles, please see a similar scaling study using same set of ensembles [4] . We compare the scaling properties among the improved Brillouin Dirac operator D imp , the naive Wilson Dirac operator and the domain-wall Dirac operator. The latter two have O(a) and O(a 2 ) leading discretization errors, respectively. For the implementation of the domain-wall fermions, we take the Möbius domainwall fermion discretization with three steps of stout smearing, as used in the recent works of the JLQCD collaboration [5] . We set the size of the fifth dimension L s = 8 and the domain-wall height M 0 = −1. The violation of the Ginsparg-Wilson relation, as measured by the residual mass m res , gives m res O(0.1) MeV or smaller. The code used in this study is developed as a part of the IroIro++ package [6] .
For the comparison of different types of Dirac operators, we roughly tune the bare quark mass to give pseudo-scalar meson masses of m ps = 1.0, 1.5, 2.0, 2.5, 3.0 and 3.5 [GeV] . In the calculation of the quark propagator, we use smeared sources with a function e −α|x−y| . Our main data set is obtained for m PS = 3.0 GeV, where the calculation is repeated with 4 source positions to improve the signal. For other m PS , we use a single source location. We obtain the results at our target values of m PS by interpolating the fitted values of the pseudo-scalar meson masses.
Speed-of-light for pseudo-scalar meson
An effective speed-of-light c eff (p) is defined as
which should be unity in the continuum theory. This provides a basic test of the Lorentz symmetry violating discretization effects, which becomes more significant for heavy quarks since m q a increases. We calculate the two-point correlation functions for various momenta as Figure 1 . In this figure, the data for the Wilson fermion (red squares), improved Brillouin fermion (blue triangles) and domain-wall fermion (magenta diamonds) are plotted as a function of normalized momentum − → p 2 (L/2π) 2 . As we clearly see, the data for the improved Brillouin action is consistent with unity within statistical errors, while the data for the Wilson fermion and the domain-wall fermion deviate from the Lorentz-symmetric value by about 20-30%. This is understood already at tree-level, and clearly demonstrates the advantage of the Brillouin-type operator as already reported in [7] for an unimproved version. We show the scaling of the speed-of-light against a 2 for the meson mass of m ps = 3.0 GeV in Figure 2 . One can clearly observe that the scaling of the improved action is excellent. We do not see any significant deviations from unity for the ensembles with 1/a = 2.0 − 3.8 GeV. For all momenta which are shown in Figure 1 and lattices, the speed-of-light of the improved action is unity within statistical errors.
To investigate scaling properties, we try to model the discretization effect using the data at |p| 2 (L/2π) 2 = 1. One may employ an ansatz c 2 (a) = 1 + c 1 a + c 2 a 2 , since one expects that the speed-of-light converges to unity in the continuum limit. 
Hyperfine splitting
Hyperfine splitting m V − m PS is also useful to test the discretization effect for heavy quarks and has been investigated with various lattice actions. It is well-known (see, e.g. [8, 9] ), that the charmonium hyperfine splitting strongly depends on the choice of the Dirac operator, which means that the hyperfine splitting is very sensitive to the discretization error. We show the scaling of the hyperfine splitting in Figure 3 . The Wilson fermion may contain an O (a) error whilst the leading order errors of the domain-wall fermions are O a 2 . For the improved Brillouin operator, we observe that the scaling is very mild against a 2 . Theoretically, the leading discretization effect is O a 3 as well as O (α s a) .
Here again, we examine the fitting with an ansatz f (a) = c 0 + c 1 a + c 2 a 2 . Note that the experimental value of the charmonium hyperfine splitting is known, but since the lattice data receive the systematics effect due to quenching we can not reproduce the experimental value. Thus we take a common constant c 0 for all three Dirac operators and fit all data simultaneously with the ansatz. We obtain c 0 = 0.0787 (1) 
Summary
We have shown non-perturbative scaling studies of the improved Brillouin fermion action compared with two other fermion actions. From the scaling of the speed-of-light, we see that scaling of the improved action is excellent, always obeying the continuum dispersion relation. From the scaling of the hyperfine splitting, we also observe good scaling of the improved action. We note that our improvement is still at tree-level and one-loop level improvement or non-perturbative tuning of the coefficients is desirable.
The computational cost to solve the heavy quark propagator for the improved Brillouin fermion is only about 10 times higher than that for the Wilson fermion, though a single application of the Dirac operator is more than 100 times costly. This is because the condition number for the Brillouin operator is much lower than that for the Wilson fermion. Thus, given its excellent scaling property, the improved Brillouin fermion is a promising formulation for heavy valence quarks. On the Blue Gene/Q machine we are using for this work, the Wilson-Dirac operator is highly optimized, and more work is necessary to optimize the improved Brillouin operator to that level.
